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O ■ Abstract 

(N 

The moduli space of holomorphic maps from Riemann sm'faces to the Grassman- 

nian is known to have two kinds of compactifications: Kontsevich's stable map com- 
pactification and Marian-Oprea-Pandharipande's stable quotient compactification. 

C^ I Over a non-singular curve, the latter moduli space is Grothendieck's Quot scheme. 

In this paper, we give the notion of 'e-stable quotients' for a positive real number 

^ ■ e, and show that stable maps and stable quotients are related by wall-crossing phe- 

•^ I nomena. We will also discuss Gromov-Witten type invariants associated to e-stable 

-H ' quotients, and investigate them under wall-crossing. 

-(— > 

1 Introduction 

^ [ The purpose of this paper is to investigate wall-crossing phenomena of several compacti- 

Cf^ I fications of the moduli spaces of holomorphic maps from Riemann surfaces to the Grass- 

j^ ■ mannian. So far, two kinds of compactifications are known: Kontsevich's stable map 

fr^ ■ compactification [20] and Marian-Oprea-Pandharipande's stable quotient compactifica- 

jy-^ . tion [26j. The latter moduli space is introduced rather recently, and it is Grothendieck's 

O i Quot scheme over a non-singular curve. In this paper, we will introduce the notion of 

e-stable quotients for a positive real number e G M>o, and show that the moduli space of 
e-stable quotients is a proper Deligne-Mumford stack over C with a perfect obstruction 
theory. It will turn out that there is a wall and chamber structure on the space of stability 
conditions e G M>o, and the moduli spaces are constant at chambers but jump at walls, 
5^ i i.e. wall-crossing phenomena occurs. We will see that stable maps and stable quotients 

are related by the above wall-crossing phenomena. We will also consider the virtual fun- 
damental classes on the moduli spaces of e-stable quotients, the associated enumerative 
invariants, and investigate them under the change of e G M>o- This is interpreted as a 
wall-crossing formula of Gromov-Witten (GW) type invariants. 

1.1 Stable maps and stable quotients 

Let C be a smooth projective curve over C of genus g, and G(r, n) the Grassmannian which 
parameterizes r-dimensional C- vector subspaces in C"^. Let us consider a holomorphic map 

f:C^Gir,n), (1) 



satisfying the following, 

f,[C] = d e H2{G{r,n),Z) = Z. 
By the universal property of G{r,n), giving a map ([T]) is equivalent to giving a quotient, 

OT - Q, (2) 

where Q is a locally free sheaf of rank n — r and degree d. The moduli space of maps ([Tj) 
is not compact, and two kinds of compactifications are known: compactification as maps 
([T]) or compactification as quotients ([2]). 

• Stable map compactification: We attach trees of rational curves to C, and 
consider moduli space of maps from the attached nodal curves to G(r, n) with finite 
automorphisms. 

• Quot scheme compactification: We consider the moduli space of quotients ([2j), 
allowing torsion subsheaves in Q. The resulting moduli space is Grothendieck's 
Quot scheme on C. 

In the above compactifications, the (stabilization of the) source curve C is fixed in the 
moduli. If we vary the curve C as a nodal curve and give m-marked points on it, we 
obtain two kinds of compact moduli spaces, 

Mg,U^{r,n),d), (3) 

Q,,„(G(r,n),rf). (4) 

The space (E]) is a moduli space of Kontsevich's stable maps [20]. Namely this is the 
moduli space of data, 

(C,pi,... ,p^J: C ^G(r,n)), 

where C is a genus g, m-pointed nodal curve and / is a morphism with finite automor- 
phisms. 

The space (jl]) is a moduli space of Marian-Oprea-Pandharipande's stable quotients [26j, 
which we call MOP-stahle quotients. By definition a MOP-stable quotient consists of data, 

(C,pi,---,p„,0®"4.g), (5) 

for an m-pointed nodal curve C and a quotient sheaf Q on it, satisfying the following 
stability condition. 

• The coherent sheaf Q is locally free near nodes and markings. In particular, the 
determinant hne bundle det{Q) is well-defined. 

• The M-line bundle 

wc(Pl + •■■+Pm)®det(Q)®^ (6) 

is ample for every e > 0. 



The space (jlj) is the moduh space of MOP-stable quotients ([5]) with C genus g, rank(Q) = 
n — r and deg(Q) = d. Both moduh spaces (j3]) and ^ have the foUowing properties. 

• The moduh spaces ([3]) and (jl]) are proper Dehgne-Mumford stacks over C with 
perfect obstruction theories [1], [26] . 

• The moduh spaces ([3]), (jlj) carry proper morphisms, 

MgA^{r,n),d) Qg^^{G{r,n),d) (7) 



Here Mg^m is the moduh space of genus g, m-pointed stable curves. Taking the fibers of 
the diagram (jTj) over a non-singular curve [C] e Mg^, we obtain the compactifications as 
maps (jlj), quotients (j2j) respectively. Also the associated virtual fundamental classes on 
the moduli spaces (j3j), (jlj) are compared in ^^ Section 7]. 

1.2 e-stable quotients 

The purpose of this paper is to introduce a variant of stable quotient theory, depending 
on a positive real number, 

e e M>o. (8) 

We define an e-stable quotient to be data (j5j), which has the same property to MOP-stable 
quotients except the following. 

• The M-line bundle (j6j) is only ample with respect to the fixed stability parameter 

e G R>o. 

• For any p & C, the torsion subsheaf t{Q) C Q satisfies 

e ■ length r((5)p < 1. 

The idea of e-stable quotients originates from Hassett's weighted pointed stable curves. 
In [13], Hassett introduces the notion of weighted pointed stable curves (C, pi, ■ ■ ■ ,Pm), 
where C is a nodal curve and Pi & C are marked points. The stability condition depends 
on a choice of a weight. 



(ai,a2,--- ,a^) e (0,1]"^, (9) 

which put a similar constraint for the pointed curve (C, pi, ■ ■ ■ ,Pm) to our e-stability. (See 
Definition 13. 1[ ) A choice of e in our situation corresponds to a choice of a weight (jHj) for 
weighted pointed stable curves. 

The moduli space of e-stable quotients (j5j) with C genus g, rank(Q) = n — r and 
deg{Q) = d is denoted by 

Ql^{G{r,n),d). (10) 

We show the following result, (cf. Theorem 12. 12^ Subsection 12. 3^ Proposition 12. 16^ Propo- 
sition J2IIS1 Theorem 1213) 



Theorem 1.1. (i) The moduli space Q {G{r,n),d) is a proper Deligne-Mumford stack 
over C with a perfect obstruction theory. Also there is a proper morphism, 

Ql^{G{r,n),d)^Mg,^. (11) 

(a) There is a finite number of values 

= Co < ei < ■ • ■ < Cfc < Cfe+i = oo, 

such that we have 

<5g,m('S(^,^),c?) = Q2mi'^{r,n),d), 

fore G (ei_i,ei]. 

(Hi) We have the following. 

g;^(G(r, n),d) = Mg,UG{r, n),d), e > 2, 
Q;^(G(r,n),c?) = Q^,„(G(r,n),c?), < e < l/d. 

By Theorem ll.il (i), there is the associated virtual fundamental class, 

[Ql^{G{r,n),d)Y'^ G A(Ql^{G{r,n),d),Q). 

A comparison of the above virtual fundamental classes under change of e is obtained as 
follows, (cf. Theorem 12.251 ) 

Theorem 1.2. For e > e' > satisfying 2g — 2 + e' ■ d > 0, there is a diagram, 

Ql^{G{r,n),d)^^Ql^iGil,(l)),d), 



<!,l! 



Y 



QUG(r,n),d)^^Q,,,JG(l, (),d) 



n 



such that we have 



' rTT^ 



c,,,,il[Q^(G{r,n),d)Y^^ = < [Q(G{r,n),d)] 



The above theorem, which is a refinement of the result in [26l Section 7], is interpreted 
as a wall-crossing formula relevant to the GW theory. 

1.3 Invariants on Calabi-Yau 3- folds 

The idea of e-stable quotients is also applied to define new quantum invariants on some 
compact or non-compact Calabi-Yau 3-folds. One of the interesting examples is a system 
of invariants on a quintic Calabi-Yau 3-fold X C P^. In Section [6l we associate the 
substack, 

m^{x,d)cQijr,d), 



such that when e > 2, it coincides with the moduh space of genus zero, degree d stable 
maps to X. There is a perfect obstruction theory on the space Qq„(X, rf), hence the 
virtual class, 

with virtual dimension m. In particular, the zero-pointed moduli space yields the invari- 
ant. 



NU^) = _ 1 G Q. 

J[Qo,o(X,d)]v- 

For e > 2, the invariant Nq^{X) coincides with the GW invariant counting genus zero, 
degree d stable maps to X. However for a smaller e, the above invariant may be different 
from the GW invariant of X. The understanding of wall-crossing phenomena of such 
invariants seem relevant to the study of the GW theory. In Section [6], we will also discuss 
such invariants in several other cases. 

1.4 Relation to other works 

As pointed out in |26| Section 1], only a few proper moduli spaces carrying virtual 
classes are known, e.g. stable maps [1], stable sheaves on surfaces or 3-folds ^^, 
Grothendieck's Quot scheme on non-singular curves [25] and MOP-stable quotients 
By the result of Theorem II. ![ we have constructed a new family of moduli spaces which 
have virtual classes. 

Before the appearance of stable maps [20], the Quot scheme was used for an enumer- 
ation problem of curves on the Grassmannian [B], [7], [S]. Some relationship between 
compactifications as maps ([T]) and quotients ([2]) is discussed in [5U]. The fiber of the 
morphism (TTT1) over a non-singular curve is an intermediate moduli space between the 
above two compactifications. This fact seems to give a new insight to the work [30] . 

Wall-crossing phenomena for stable maps or GW type invariants are discussed in [13] , 
[3], [2]. In their works, a stability condition is a weight on the marked points, not on 
maps. In particular, there is no wall-crossing phenomena if there is no point insertion. 

After the author finished the work of this paper, a closely related work of Mustata- 
Mustata [29] was informed to the author. They construct some compactifications of the 
moduli space of maps from Riemann surfaces to the projective space, which are interpreted 
as moduli spaces of e-stable quotients of rank one. However they do not address higher 
rank quotients, virtual classes nor wall-crossing formula. In this sense, the prewent work 
is interpreted as a combination of the works [26j and [29j . 

Recently wall-crossing formula of Donaldson-Thomas (DT) type invariants have been 
developed by Kontsevich-Soibelman [22] and Joyce-Song [H]. The DT invariant is a count- 
ing invariant of stable sheaves on a Calabi-Yau 3-fold, while GW invariant is a counting 
invariant of stable maps. The relationship between GW invariants and DT invariants 
is proposed by Maulik-Nekrasov-Okounkov-Pandharipande (MNOP) [27j, called GW/DT 
correspondence. In the DT side, a number of applications of wall-crossing formula to the 
MNOP conjecture have been found recently, such as DT/PT- correspondence, rationality 



conjecture, (cf. |9], [3T], [33], [S]-) It seems worth trying to find a similar wall-crossing 
phenomena in GW side and give an application to the MNOP conjecture. The work of 
this paper grew out from such an attempt. 

1.5 Acknowledgement 

The author thanks V. Alexeev for pointing out the related work [22], and Y. Konoshi 
for the information of the reference [Ij. This work is supported by World Premier In- 
ternational Research Center Initiative (WPI initiative), MEXT, Japan. This work is 
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2 Stable quotients 

In this section we introduce the notion of e-stable quotients for a positive real number 
e G M>o, study their properties, and give some examples. The e-stable quotients are 
extended notion of stable quotients introduced by Marian-Oprea-Pandharipande [25] . 

2.1 Definition of e-stable quotients 

Let C be a connected projective curve over C with at worst nodal singularities. Suppose 
that the arithmetic genus oi C is g, 

g = dim H\C,Oc). 

Let C"* C C be the non-singular locus of C. We say the data 

(C,pi,--- ,p^), 

with distinct markings Pi G C"* C C a genus g, m-pointed, quasi-stable curve. The notion 
of quasi-stable quotients is introduced in [2S1 Section 2] . 

Definition 2.1. Let C be a pointed quasi-stable curve and q a quotient, 

c®" 4. Q. 

We say that g is a quasi-stable quotient if Q is locally free near nodes and markings. In 
particular, the torsion subsheaf t{Q) C Q satisfies, 

Suppr(Q)cC"n{Pi,---,Pm}. 

Let Oq -^ Q be a quasi-stable quotient. The quasi-stability implies that the sheaf 
Q is perfect, i.e. there is a finite locally free resolution P* of Q. In particular, the 
determinant line bundle, 

rkP^ 



det(Q) = (g)(/\PO®(-i)'GPic(C), 



makes sense. The degree of Q is defined by the degree of det{Q). We say that a quasi- 
stable quotient C®" -» Q is of type {r,n,d), if the following holds, 

rank Q = n — r, deg Q = d. 

For a quasi-stable quotient C^" -» Q and e G IR>o, the M-line bundle £(g, e) is defined by 

C{q, e) := a;c(pi + ■ ■ ■ + Pm) ® (det Q)®^ (12) 

The notion of stable quotients introduced in [26], which we call MOP-stable quotients, is 
defined as follows. 

Definition 2.2. |26| A quasi-stable quotient C^" ^> Q is a MOP-stable quotient if the 
M-line bundle C{q, e) is ample for every e > 0. 

The idea of e-stable quotient is that, we only require the ampleness of C{q, e) for a 
fixed e, (not every e > 0,) and put an additional condition on the length of the torsion 
subsheaf of the quotient sheaf. 

Definition 2.3. Let Oq -» Q be a quasi-stable quotient and e a positive real number. 
We say that q is an e-stable quotient if the following conditions are satisfied. 

• The M-line bundle C{q, e) is ample. 

• For any point p E C, the torsion subsheaf t{Q) C Q satisfies the following inequality, 

e • length r (Q)p < 1. (13) 

Here we give some remarks. 

Remark 2.4. As we mentioned in the introduction, the definition of e-stable quotients is 
motivated by Hassett's weighted pointed stable curves fT^ . We will discuss the relationship 
between e-stable quotients and weighted pointed stable curves in Subsection \3.1[ 

Remark 2.5. The ampleness of C{q,e) for every e > is equivalent to the ampleness of 
C{q,e) for 0<e^l. If e > is sufficiently small, then the condition / flgj) does not say 
anything, so MOP-stable quotients coincide with e-stable quotients for < e ^ 1. 

Remark 2.6. For a quasi-stable quotient C^" -» Q, take the exact sequence, 

^ 5 ^ C®" ^ Q ^ 0. 

The quasi- stability implies that S is locally free. By taking the dual of the above exact 
sequence, giving a quasi-stable quotient is equivalent to giving a locally free sheaf 5*^ and 
a morphism 

which is surjective on nodes and marked points. The e-stability is also defined in terms of 
data (S"^, s). 



Remark 2.7. By definition, a quasi-stable quotient O^ -^ Q of type {r,n,d) induces a 
rational map, 

/:C-.G(r,n), 

such that we have 

deg/4C] + length r(Q) = ci. (14) 



If e> 1, then the condition / I73]) is equivalent to that Q is a locally free sheaf. Hence f is 
an actual map, and the quotient q is isomorphic to the pull-back of the universal quotient 
on G{r,n). 

Let C be a marked quasi-stable curve. A point p G C is called special if p is a singular 
point of C or a marked point. For an irreducible component P C C, we denote by s{P) 
the number of special points in P. The following lemma is obvious. 

Lemma 2.8. Let O®"" ^^ Q be a quasi-stable quotient and take e G ffi>o- Then the M.-line 
bundle C{q,e) is ample if and only if for any irreducible component P G C with genus 
g{P), the following condition holds. 

deg(Q|p) > 0, {s{P),g{P)) = (2, 0), (0, 1) (15) 

deg(g|p) > 1/e, {s{P),g{P)) = (1, 0), (16) 

deg(Q|p) > 2/e, {s{P),giP)) = (0,0). (17) 

Proof. For an irreducible component P C C, we have 

deg(£(g, e)|p) = 2g{P) - 2 + s{P) + e ■ deg(g|p). 

Also since q is surjective, we have deg{Q\p) > 0. Therefore the lemma follows. D 

Here we give some examples. We will discuss some more examples in Section [31 

Example 2.9. (i) Let C be a smooth projective curve of genus g and f : C ^^ G{r,n) a 
map. Suppose that f is non-constant if g < 1. By pulling back the universal quotient 

^G{r,n) -^ QG(r,n), 
q 

on G{r,n), we obtain the quotient Oq -» Q. It is easy to see that the quotient q is an 
e-stable quotient for e > 2. 

(ii) Let C be as in (i) and take distinct points Pi,- ■ ■ ,Pm ^ C. For an effective divisor 
D = aipi + ■ ■ ■ amPm with ai > 0, the quotient 

Oc ^ Od, 
is an e-stable quotient if and only if 

m 

2^-2 + e-^a, > 0, < e < l/a^, 



for all 1 < i < m. In this case, the quotient q is MOP-stable if g > 1, but this is not the 
case in genus zero. 

(Hi) Let P^ = C C P*^ be a line and take distinct points pi,P2 G C. By restricting the 
Euler sequence to C , we obtain the exact sequence, 

^ Oc{-l) A 0®"+i ^ Tp.(-l)|c. ^ 0. 

Composing the natural inclusion Oc{—pi — P2 — 1) C Oc{—l) with s, we obtain the exact 
sequence, 

^ Oci-pi - P2 - 1) -> or^' 4 g ^ 0. 

It is easy to see that the quotient q is e-stable for e = 1. Note that q is not a MOP-stable 
quotient nor a quotient corresponding to a stable map as in (i). 

2.2 Moduli spaces of e-stable quotients 

Here we define the moduli functor of the family of e-stable quotients. We use the language 
of stacks, and readers can refer p3] for their introduction. First we recall the moduli stack 
of quasi-stable curves. For a C-scheme -B, a family of genus g, m-pointed quasi-stable 
curves over B is defined to be data 

(vr: C ^ B,pi,--- ,pm), 

which satisfies the following. 

• The morphism vr : C — )■ 5 is flat, proper and locally of finite presentation. Its relative 
dimension is one and Pi,- ■ ■ ,Pm are sections of vr. 

• For each closed point b E B, the data 

{Cb := TT'^{b),pi{b), ■ ■ ■ ,Pmib)), 
is an m-pointed quasi-stable curve. 

The families of genus g, m-pointed quasi-stable curves form a groupoid Aig^rn{B) with 
the set of isomorphisms, 

Isom^^^(B)((C,pi, ■ ■ ■ ,Pm), (C',pi, ■■■ ,p'J), 

given by the isomorphisms of schemes over B, 

0: C4C', 

satisfying (j){pi) = p\ for each \ < i < vti. The assignment B i— t- M.g^m{B) forms a 
2-functor, 

■M.g,m'- Sch /C — 7- (groupoid) , 

which is known to be an algebraic stack locally of finite type over C. 



Definition 2.10. For a given data 

eGM>o, (r,n,d)GZ®^ 

we define the stack of genus g, m-pointed e-stable quotient of type (r, n, d) to be the 
2-functor, 

Q;„(G(r, n),d): Sch /C ^ (groupoid), (18) 

which sends a C-scheme B to the groupoid whose objects consist of data, 

{n:C^B,p,,--- ,pm,0^''^Q), (19) 

satisfying the following. 

• {n: C ^ B,pi,- ■ ■ ,pm) is a family of genus g, m-pointed quasi-stable curve over B. 

• Q is fiat over B such that for any b E B, the data 

(a,pi(6),---,p„(6),0®"^Q,), 
is an e-stable quotient of type (r, n, d). 
For another object over B, 

{n':C'^B,p[r--,pLO^r^Q'), (20) 

the set of isomorphisms between (1191) and (I2UI) is given by 

{(f) e Isom^^„(B)((C,pi,--- ,Pm),{C',p[r-- ,p'fn))- ker(g) = ker(0*(g'))}- 
By the construction, there is an obvious forgetting 1-morphism, 

Ql^{G{r,n),d)^Mg,m. (21) 

The following lemma shows that the automorphism groups in Q {G{r,n),d) are finite. 

Lemma 2.11. For a genus g, m-pointed e-stable quotient (Oq -^ Q) of type {r,n,d), 
we have 

tlAut(C®"4>g) <cx), (22) 

in the groupoid Q^„j(G(r, n), (i)(SpecC). 

Proof. It is enough to show that for each irreducible component P G C, we have 

tlAut(C®"iQ|p) <cx). 
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Hence we may assume that C is irreducible. The cases we need to consider are the 
following, 

(.(C),(?(C)) = (0,0),(0,1),(1,0),(2,0). 

Here we have used the notation in Lemma I2.8[ For simplicity we treat the case of 
{s{C),g{C)) = (1,0). The other cases are similarly discussed. 
Let / be a rational map, 

/:C-.G(r,n), 

determined by the quotient q. (cf. Remark 12.71 ) If / is non-constant, then (122|) is obviously 
satisfied. Hence we may assume that / is a constant rational map. By the equality flT^ . 
this implies that the torsion subsheaf t{Q) C Q satisfies 

length t{Q) = deg Q. 

Also if tJSuppr((5) > 2, then (l22l) is satisfied, since any automorphism preserves torsion 
points and special points. Hence we may assume that there is unique p E C such that 

length r(Q)p = length r((5) = degQ. 

However this contradicts to the condition flT^ and Lemma [2.81 D 

We will show the following theorem. 

Theorem 2.12. The 2-functor Q {G{r,n),d) is a proper Deligne-Mumford stack of 
finite type over C with a perfect obstruction theory. 

Proof. The construction of the moduli space and the properness will be postponed in 
Section HI The existence of the perfect obstruction theory will be discussed in Theo- 
rem [2Al D 

By theorem 12. 12[ the 2-functor (TT8|) is interpreted as a geometric object, rather than 
an abstract 2-functor. In order to emphasize this, we slightly change the notation as 
follows. 

Definition 2.13. We denote the Deligne-Mumford moduli stack of genus g, ?7i-pointed 
e-stable quotients of type (r, n, d) by 

Q;^(G(r,n),ci). 

When r = 1, we occasionally write 

Ql^{^-~\d):=Ql^{¥-'\d). 

The universal curve is denoted by 

7r^[/^^Q;^(G(r,n),c?), (23) 

and we have the universal quotient, 

^ 5[/. ^ Op '^-^ Qu^ -^ 0. (24) 

11 



2.3 Structures of the moduli spaces of e-stable quotients 

Below we discuss some structures on the moduli spaces of e-stable quotients. Similar 
structures for MOP-stable quotients are discussed in [2^1 Section 3]. 

Let Mg^rn be the moduli stack of genus g, m-pointed stable curves. By composing 
(|2T|) with the stabilization morphism, we obtain the proper morphism between Deligne- 
Mumford stacks, 

For an e-stable quotient C^*^ -» Q with markings pi, • • • ,Pm,, the sheaf Q is locally free 
at Pi. Hence it determines an evaluation map, 

ev,:Q;^(G(r,n),d)-^G(r,n). (25) 

Taking the fiber product, 

C-i+i(^(^' ^)' di) Xev Q;,-.+i(G(r, n), d^) ^ q; ,^^^,(G(r, n), rfi), (26) 



<5L™2+i(*^('"' ^)^ ^2) — G(r, n), 

we have the natural morphism, 

<59i,mi+i(^(^ ^)' c^i) Xev Qg2,„2+i(G(r, n), da) 

^ Q;+,„^,+„,(G(r,n),rfi + ^2), (27) 

defined by gluing e-stable quotients at the marked points. The standard GL„(C)-action 
on O®^ induces an GL„(C)-action on (5g,^(G(r, n), d), i.e. 

for g G GL„(C). The morphisms fl2^ . fl27|) are GL„(C)-equivariant. 

2.4 Virtual fundamental classes 

The moduli space of e-stable quotients have the associated virtual fundamental class. The 
following is an analogue of [26, Theorem 2, Lemma 4] in our situation. 

Theorem 2.14. There is a GLn{'C)-equivariant 2-term perfect obstruction theory on 
Q {G{r,n),d). In particular there is a virtual fundamental class, 

[Ql,miG{r,n),d)Y'^ e A^Ln(€)(g^^^(G(r,n),rf),Q), 
in the GLn{C)-equivariant Chow group. The virtual dimension is given by 

nd + r{n — r)(l — (7) + 8(7 — 3 + m, 
which does not depend on a choice of e. 
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Proof. The same argument of ^26i, Theorem 2, Lemma 4] works. For the reader's conve- 
nience, we provide the argument. For a fixed marked quasi-stable curve, 

(C,pi, ■■ ■ ,Pm) e Mg,m, 

the moduh space of e-stable quotients is an open set of the Quot scheme. On the other 
hand, the deformation theory of the Quot scheme on a non-singular curve is obtained in 
[TU] . [23] . Noting that any quasi-stable quotient is locally free near nodes, the analogues 
construction yields the 2-term obstruction theory relative to the forgetting 1-morphism 

given by UTrlTiom^Su^ , Qu^)* ■ (See (1251) . (^^.) The absolute obstruction theory is given 
by the cone E' of the morphism [5] , [12] , 

where I^Mg.m is the cotangent complex of the algebraic stack J^g^m- By Lemma [2. 11^ the 
complex E' is concentrated on [—1, 0]. Let Oq"' ^> Q be an e-stable quotient with kernel 
S and marked points Pi, ■ ■ ■ ,Pm- By the above description of the obstruction theory and 
the Riemann-Roch theorem, the virtual dimension is given by 

m 

xiS, Q) - x(^c(- X^Pi)) =nd + r{n-r){l- g) + ?>g-?> + m. 

i=l 

D 

By the proof of the above theorem, the tangent space Tan^ and the obstruction space 
ObSg at the e-stable quotient q: O®" -» Q with kernel 5* and marked points pi, ■ ■ ■ ,Pm 
fit into the exact sequence. 



^ H%C,Tc{-Y,Pi)) -^ Hom(^,g) ^ Tan, 

i=l 

m 

-^ H\C,Tc{-J2Pi)) -^ Ext^(5,Q) ^ Obs, ^ 0. (28) 

i=l 

In the genus zero case, the obstruction space vanishes hence the moduli space is non- 
singular. 

Lemma 2.15. The Deligne-Mumford stack QQ^{G{r,n),d) is non-singular of expected 
dimension nd + r{n — r) + m — 3 . 

Proof. In the notation of the exact sequence (1251) . it is enough to see that 

Ext\S,Q) = H%C,S0Q''®tucy = O, (29) 

when the genus of C is zero. Here Q is the free part of Q, i.e. Q/t{Q) for the torsion 
subsheaf t{Q) C Q. For any irreducible component P G C with s{P) = 1, it is easy to 
see that 

deg{S Q* ^ uJc)\p <0, 
by Lemma [2.81 Then it is easy to deduce the vanishing (|29|) . D 
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2.5 Wall-crossing phenomena of e-stable quotients 

Here we see that there is a finite number of values in ]R>o so that the moduh spaces of 
e-stable quotients are constant on each interval. First we treat the case of 

(^,m)7^(0,0). (30) 

We set 

= eo < ei < ■ • • < e^ < e^+i = oo, 

as follows, 

l<i<d. (31) 



d-i + 1' 

Proposition 2.16. Under the condition (E^j? take e G (ei_i,ej] where e^ is given by i\3l\} . 
Then we have 

QlJG{r,n),d) = Ql^{G{r,n),d). 

Proof. Let us take a quasi-stable quotient of type (r, n, d), 

{OT^Q)- (32) 

First we show that if fl32l) is e-stable, then it is also ej-stable. Since e < e^, the ampleness 
of £(g, e) also implies the ampleness of £(g, ej). For p E C, let us denote by Ip the length 
of t{Q) at p. If Ip 7^ 0, the condition (IT^ implies 

1 . ^ 

< e < -. (33) 

Lp 

Since lp < d, the inequality f l33|) also implies ej < l//p, which in turn implies the condition 
(^ for e^. 

Conversely suppose that the quasi-stable quotient f l5^ is e-stable. The inequality 
f lT5]) for ej also implies f lT^ for e since e < e^. In order to see that £(g, e) is ample, take 
an irreducible component P G C and check ( TT5|) . (IT6|) and (1171) . The condition (ITSl) does 
not depend on e, so (IT5|) is satisfied. Also the assumption (l30|) implies that the case ( fT7|) 
does not occur, hence we only have to check ( TT6|) . We denote by (ip the degree of Qjp. If 
s{P) = 1 and 5'(-P) = 0, we have 

e^ > ^, (34) 

dp 

by the condition (TT6|) for e^. Since (ip < (i, ( 134|) implies 

1 

e > Q-i > -1-, 
dp 

which in turn implies the condition (ITB]) for e. Hence (152]) is e-stable. D 
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Next we treat the case of {g,m) = (0,0). In this case, the moduh space is empty for 
small e. 

Lemma 2.17. For < e < 2/d, we have 

Proof. If Qg,^{G{r,n),d) is non-empty, the ampleness of C{q,e) yields, 

2g-2 + m + e-d>(]. 

Hence if ^f = m = 0, the e should satisfy e > 2/d. D 

Let (i' G Z be the integer part of d/2. We set = cq < ci < • ■ ■ in the following way. 

ei =2, 62 = oo, {d = 1) 

2 1 

ei = -, ei= {2 <i <d +1), ed'+2 = oo, (d > 3 is odd.) (35) 

, (!<■*< d'), ed'+i = oo, {d is even.) (36) 



d' -i + 1 
We have the following. 

Proposition 2.18. Fore, as above, we have 

Ql,oi^{r,n),d) = Qoo(G(r,n),c?), 
fore G (ei_i,ei]. 

Proof. By Lemma 12. 17^ we may assume that ej_i > 2/d. Then we can follow the essen- 
tially same argument of Proposition 12.161 The argument is more subtle since we have to 
take the condition (IT7|) into consideration, but we leave the detail to the reader. D 

Let Mg^rn{'^{r,n),d) be the moduh space of genus g, m-pointed stable maps f : C ^>- 
G(r, n), satisfying 

f,[C] = d e H2{G{r,n),Z) = Z. 

(cf. [20].) Also we denote by Qg„^{G{r,n),d) the moduh space of MOP-stable quotients 
of type {r,n,d), constructed in [SB]- By the following result, we see that both moduli 
spaces are related by wall-crossing phenomena of e-stable quotients. 

Theorem 2.19. (i) For e > 2, we have 

Q;^((G(r,n),rf) = M,,„(G(r,n),rf). (37) 

(ii) For < e < 1/d, we have 

Q;„(G(r,n),rf) = Q,,^(G(r,n),d). (38) 

15 



Proof, (i) First take an e-stable quotient O®"" -^ Q for some e > 2, with marked points 
Pi,- ■ ■ ,Pm- By Proposition 12. 16l and Proposition I2.18( we may take e = 3. The condition 
flT3|) imphes that Q is locally free, hence q determines a map, 



/:C->G(r,n). (39) 

Also the ampleness of £(g, 3) is equivalent to the ampleness of the line bundle 

uJc{Pi + ---Pm)(S)rOGiS), (40) 

where Og(1) is the restriction of 0{1) to G(r, n) via the Pliicker embedding. The ample- 
ness of fHOl) implies that the map / is a stable map. 
Conversely take an m-pointed stable map, 

/:C-^G(r, n), pi, ■ ■ ■ ,Pm G C, 



Q 



and a quotient C^j" -» Q by pulling back the universal quotient on G(r, n) via /. Then the 
stability of the map / implies the ampleness of the line bundle (l4Up . hence the ampleness 
of £(g, 3). Also the condition f lT3|) is automatically satisfied for e = 3 since Q is locally 
free. Hence we obtain the isomorphism f l37|) . 

(ii) If {g,m) = (0,0), then both sides of ( p8|) are empty, so we may assume that 

{g,m) 7^ (0,0). Let us take an e-stable quotient Oq -» Q for < e < l/d. For any 
irreducible component P G C, we have deg(Q|p) < d. By Lemma [2. 8^ this implies that 
there is no irreducible component P d C with 

(s(P),^(P)) = (0,0)or(0,l). 

Hence applying Lemma [2.81 again, we see that q is MOP-stable. 

Conversely take a MOP-stable quotient O®^ -» Q and < e < 1/d. By the definition 
of MOP-stable quotient, the line bundle £(g, e) is ample. Also for any point p E C, 
the length of the torsion part of Q is less than or equal to d. (cf. Remark 12. 7p . Hence 
the condition (1131) is satisfied and q is e-stable. Therefore the desired isomorphism fl38l) 
holds. D 

2.6 Morphisms between moduli spaces of e-stable quotients 

In this subsection, we construct some natural morphisms between moduli spaces of e-stable 
quotients. The first one is an analogue of the Pliicker embedding. (See [221 Section 5] for 
the corresponding morphism between MOP-stable quotients.) 

Lemma 2.20. There is a natural morphism, 

i^: Ql^{G{r,n),d)^Ql^{G{l, [[;]), rf). (41) 
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Proof. For a quasi-stable quotient C®"" -» Q of type (r, n, d) with kernel S", we associate 
the exact sequence, 

^ A"^ ^ A'^c®" ^ g' ^ 0. 

It is easy to see that q is e-stable if and only if q' is e-stable. The map q \-^ q' gives the 
desired morphism. D 

Next we treat the case of r = 1. 
Proposition 2.21. For e > e' , there is a natural morphism, 

c,,, : Q;^(P"-\ d) ^ g;;„(P"-\ d). (42) 

Proof. For simplicity we deal with the case of {g,m) ^ (0,0). By Proposition 12. 16[ it is 
enough to construct a morphism 

Q+i,: Q''V.{F-\d)^Q':(F-\d), (43) 



q 



where e^ is given by (^Tl) . Let us take an ej+i-stable quotient C^" -» Q, and the set of 
irreducible components Ti, ■ ■ ■ , T^ of C satisfying 

(s(r,),^(r,)) = (l,0), deg(Q|T,) = rf-z + l. (44) 

Note that T,- and Tji are disjoint for j ^ j', by the assumption [g, rn) ^ (0, 0). We set T 
and C to be 



r = n5^iT,-, c" = c\r. (45) 

The intersection Tj n C consists of one point Xj, unless {g,m) = (0, 1), A; = 1 and i = 1. 
In the latter case, the space Qq i(F"-^^, d) is empty, so there is nothing to prove. Let S be 
the kernel of q. We have the sequence of inclusions, 

k 

S' ■■= S\c'i- Y,id - ^ + ^)^j) ^ S\c' -^ O^?, 
j=i 

and the exact sequence, 

^ ^' ^ c®," ^ g' ^ 0. 

It is easy to see that q' is an e^-stable quotient. Then the map q ^ q' gives the desired 
morphism f H5]) . D 

Remark 2.22. Suppose that {g,m) ^ (0,0). By Proposition \2. 21{ Proposition \2.16\ and 
Theorem \2.19{f we have the sequence of morphisms, 

M,,„(p"-\ d) = Q;:r (p""\ d) ^ g;:„(p"-\ rf) ^ ■ ■ ■ 

■ ■ ■ ^ q;;™(p"-s d) ^ q;:^(p"-\ rf) = g,,„(p"-\ rf). (46) 

r/ie composition of the above morphism 

c: M,,™(P"-\rf) ^ Q,,^(P"-\rf) (47) 

coincides with the morphism constructed in l2Bi Section 5]. The morphism c also appears 
for the Quot scheme of a fixed non-singular curve in ISOj . 
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Let us investigate the morphism fH3l) more precisely. For k G Z>o, we consider a 
subspace, 



C:n"'^(p"-\^)cQ; 



*i+i/pn-l 



d), 



(4J 



consisting of ej+i-stable quotients with exactly A;- irreducible components Ti, ■ ■ ■ ,Tk sat- 
isfying (jH]). Setting dj = (i — i + 1, the subspace fHSjl fits into the Cartesian diagram, 



-^ei+l,fc+ , 



Q 



g,m 



(P"-\rf) 



■^0,1 



■^'+1 f-mn-l 



,di 



I xfc 



(49) 



Q 



2^r'''^d~kd^ 



(evi)>^* 
jn— 1\ xfc 



Here the bottom arrow is the evaluation map with respect to the first A;-marked points, 
and the space 



Q';;::^\f-\d) 



(50) 



is the moduli space of genus g, m-marked quasi-stable quotients of type (l,n, rf), which 
is both €{ and ej+i-stable. The space fl50|) is an open Deligne-Mumford substack of 
Qg^„-^{¥"-~^,d) for both e = ej and ej+i. Note that the left arrow of fH9|) is surjective 
since the right arrow is surjective. 
We also consider a subspace 



/g,m 



,rf)cQ;,jp"-\rf), 



consisting of ej-stable quotients O^" -» Q with exactly /c-distinct points Xi, ■ ■ ■ ,0;^ G C 
satisfying 

length r(Q)^^. = dj, 1 < j < k. 

Obviously we have the isomorphism, 

and the construction of fH5]) yields the Cartesian diagram 



(51) 



^ei+l,fc+^^„„l 



'5,™ 






(52) 



Q:^(p"-^rf) — -c-(p""''^)- 



The left arrow of the diagram 052p coincides with the left arrow of 0491) under the isomor- 
phism (1?T]) . and in particular it is surjective. The above argument implies the following. 

Lemma 2.23. The morphism c^^i constructed in Pro'position \2.21\ is surjective. 
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For r > 1, it seems that there is no natural morphism between Mg^m(G(r, n), d) and 
Qg.^{G{r,n),d), as pointed out in [26], [30]. However for e = 1, there is a natural 
morphism between moduli spaces of stable maps and those of e-stable quotients. The 
following lemma will be used in Lemma 15.11 below. 

Lemma 2.24. There is a natural surjective morphism, 

c': Mg,m{G{r,n),d)^Ql^,l{G{r,n),d). 

Proof. For simphcity, we assume that {g,rn) ^ (0,0). For a stable map f : C —> G{r,n) 
of degree d, pulling back the universal quotient yields the exact sequence, 

^ 5 ^ C®" 4 Q ^ 0. (53) 

Here Q is a locally free sheaf on C and the quotient q is of type (r, n, d). Let Ti, ■ ■ ■ , T/j 
be the set of irreducible components of C, satisfying the following, 

(s(T,),^(T,)) = (l,0), deg(Q|T,) = l. 

By the exact sequence flS5]) and the degree reason, the following isomorphisms exist, 

qIt, = 0pi(i) © o®r'"'' s\t^ = ^pi(-i) © ^pr'- (54) 

We set T and C as in f HS]) . and set Xj = Tj fl C Let vr be the morphism 

tt: C ^C, 
which is identity outside T and contracts Tj to Xj. The exact sequences 

o->Q|T(-$^x,)^g->g|c'^o, (55) 

0->^|c'(-X]^i) ^-^^^It^O, (56) 

i=i 

and the isomorphisms ( l5l|) show that vr^Q has torsion at Xj with length one and R^n^S = 
0. Therefore applying vr* to ( 15^ yields the exact sequence, 

O^n.S ^ O®.? ^ n,Q -^ 0. 

It is easy to see that q' is an e-stable quotient with e = 1, and the map f ^-^ q' gives the 
desired morphism c'. An argument similar to Lemma [2.231 shows that the morphism c' is 
surjective. D 
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2.7 Wall-crossing formula of virtual fundamental classes 

In [26| Theorem 3, Theorem 4], the virtual fundamental classes on moduli spaces of stable 
maps and those of MOP-stable quotients are compared. Such a comparison result also 
holds for e-stable quotients. Note that the arguments in Subsections 12. 3^ 12.61 yield the 
following diagram: 

Qlmi^ir, n), d) ^^ Q;^(G(1, {^^ ),d), 




QU(G(r,n),rf)^^Q;^(G(l, 



n 



,d). 



The following theorem, which is a refinement of ^E\ Theorem 4], is interpreted as a 
wall-crossing formula of GW type invariants. The proof will be given in Section [51 

Theorem 2.25. Take e > e' > satisfying 2g — 2 + e' ■ d > 0. We have the formula, 

c,,,XM,,mmr,n),d)r = ii[Qi^{G{r,n),d)r. (57) 

In particular for classes 'ji G A'^^^,^JG{r,n),Q), the following holds, 



Ce.e'*'-* 



,j=l 



/ m 

^i{U^^Kl^)n[Q',,^{G{r,n),d)Y-" 



(58) 



vj=l 



Remark 2.26. The formula ([57|) in particular implies the formula. 



c*[Ql. 



jn— 1 jMvir 



in— 1 jMvir 



g,m\ 



d)r = [Q:j^''-\d)] 



(59) 



Here the morphism c is given by [J^ - Applying the formula ([5^ to the diagram [JW 
repeatedly, we obtain the following formula, 

c.[M,,u^--\d)Y'^ = [Q,,^(p"-^rf)]"^ 

which reconstructs the result of [M[ Theorem 3], 

3 Type (1, 1, (i)-quotients 

In this section, we investigate the moduli spaces of e-stable quotients of type (1, 1, d) and 
relevant wall-crossing phenomena. 
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3.1 Relation to Hassett's weighted pointed stable curves 

Here we see that e-stable quotients of type (1, 1, d) are closely related to Hassett's weighted 
pointed stable curves [13], which we recall here. Let us take a sequence, 



a= (ai,a2,--- ,a^) G (0,1]™. 

Definition 3.1. A data (C, pi, ■ ■ ■ ,Pm) of a nodal curve C and (possibly not distinct) 
marked points pt G C"* is called a-stable if the following conditions hold. 

• The M-divisor Kq + Y2^i ^iPi i^ ample. 

• For any p E C, we have J2pi=p^i — ^■ 

Note that setting a^ = 1 for all i yields the usual m-pointed stable curves. The moduli 
space of genus g, m-pointed a-stable curves is constructed in [13] as a proper smooth 
Deligne-Mumford stack over C. Among weights, we only use the following weight for 

ee(0,i], 

™- d 

a{m,d,e) := (1, ■ ■ ■ , l,e, ■ ■ ■ ,e). (60) 

The moduli space of genus g, m + d-pointed a{m, d, e)-stable curves is denoted by 

MlMd- (61) 

If m = 0, we simply write (16T]) as M^. For e > e', there is a natural birational contrac- 
tion [T3t Theorem 4.3], 

Ce,e':Mlm\d^M'g^m\d- (62) 

Now we describe the moduli spaces of e-stable quotients of type (1, l,d), and relevant 
wall-crossing phenomena. In what follows, we denote by 

pt :=pO = G(l,l) ^SpecC. 

We have the following proposition. (See [261 Proposition 3] for the corresponding result 
of MOP-stable quotients.) 

Proposition 3.2. We have the isomorphism, 

^- Ml^m\d/Sd ^ Ql,mipi, d), (63) 

where the symmetric group Sd acts by permuting the last d-marked points. 
Proof. Take a genus g, m + t/-pointed a{m, d, e)-stable curve, 

{C,pi,--- ,Pm,Pir-- ,Pd)- 
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We associate the genus g, m-pointed quasi-stable quotient of type (1, l,d) by the exact 
sequence, 

d 

^ Oc{-J2pj) ^ <^c ^ Q ^ 0, 

i=i 

with m-marked points pi, ■ ■ ■ ,Pm- The a(m, (i, e)-stabihty immediately implies the e- 
stability for the quotient q. The map {C,p,,p,) i— )■ g is S'^-equivariant, hence we obtain 
the map 0. It is straightforward to check that is an isomorphism. D 

Remark 3.3. The morphism (E^ is Sd-equivariant, hence it determines a morphism, 

It is easy to see that the above morphism coincides with (^^ under the isomorphism ^6^. 

3.2 The case of {g, m) = (0, 0) 

Here we investigate e-stable quotients of type (1, 1, d) with {g, m) = (0, 0). First we take 
d to be an odd integer with d = 2d' + 1, d' > 1. We take e, as in (^^. Applying the 
morphism fl52]) repeatedly, we obtain the sequence of birational morphisms, 

Mo4 = MlT^' ^ Mj; ^ ■ • ■ -^ Ml, ^ M'^'"'. (64) 

I Id' 

It is easy to see that Mq, is the moduli space of configurations of (i-points in P^ in 

which at most rf'-points coincide. This space is well-known to be isomorphic to the GIT 

quotient [28j . 

<'' = (P^)7/SL2(C). (65) 

d 

Here SL2(C) acts on (P^)'^ diagonally, and we take the linearization on (9(1, ■ ■ ■ ,1) induced 
by the standard linearization on (9pi(l). Since the sequence flM|) is S^-equi variant, taking 
the quotients of (1M|) and combining the isomorphism (l63l) yield the sequence of birational 
morphisms, 

go7^='(pt,rf)^go!;(pt,t/)^--- 

•■■ -^ Qoypt,rf) ^ Qo7'/''(pt,d) =P7/SL2(C). (66) 

Here the last isomorphism is obtained by taking the quotient of (jHS]) by the Sf^-action. By 
Remark 13. 3[ each morphism in ( [66|) coincides with the morphism ( 142|) . Recently Kiem- 
Moon [16J show that each birational morphism in the sequence (1M|) is a blow-up at a union 
of transversal smooth subvarieties of same dimension. As pointed out in |T9l Remark 4.5], 
the sequence (IMIl is a sequence of weighted blow-ups from P'^//SL2(C). 



22 



When d is even with d = 2d', let us take e, as in fl36|l . We also have a similar sequence 
to dSl, 



which is a sequence of blow-ups [16]. In this case, instead of the isomorphism f l65|) . there 
is a birational morphism, (cf. [HI Theorem 1.1],) 

obtained by the blow-up along the singular locus which consists of |(^/) points in the 

RHS. As mentioned in [16], Mq^ is Kirwan's partial desingularization [18] of the GIT 
quotient {F^Y// SL2(C). By taking the quotients with respect to the S'.-actions, we obtain 
a sequence similar to (|66|) . 

• ■ ■ ^ QlT^^''''\pt, d) ^ {r)// SL2(C), (67) 

a sequence of weighted blow-ups. Finally Theorem 12.191 yields that 

Qq o(pt, c?) = 0, e > 1 or (i = 1. 

As a summary, we obtain the following. 

Theorem 3.4. The moduli space QooIp^^'^) ^■^ either empty or obtained by a sequence of 
weighted blow-ups starting from the GIT quotient F"^ // SL2{C) . 

3.3 The case of (£/,m) = (0,1), (0,2) 

In this subsection, we study moduli spaces of genus zero, 1 or 2-pointed e-stable quotients 
of type (1, 1, d). Note that for small e, we have 

goi(pt,rf) = 0, 0<e<l/d. 

The first interesting situation happens at e = l/{d — 1) and d > 2. For an object 

(C,p,pi,--- ,pd) e Mq^^i^ , 

applying Lemma fLE\ immediately implies that C = P^. We may assume that p = oo G P^, 
hence p, G A^. The stability condition is equivalent to that at least two points among 
Pi, ■ ■ ■ ,pd are distinct. Let A be the small diagonal, 

A = {(xi, ■■■ ,Xd) e A"^ : xi = X2 = ■■■ = Xd}. 

Noting that the subgroup of automorphisms of P^ preserving p G P^ is A^ x Gm, we have 



rs^ 



m>d—2 
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By Proposition 13. 2[ we obtain 



Q'Ji'-'\pt,d)^F'-yS,. (6^ 



In particular for each e G M>o, the moduh space QQi{pt,d) is either empty or admits a 
birational morphism to F'^~'^/Sd- 

Next we look at the case of {g,m) = (0,2). An e-stable quotient is a MOP-stable 
quotient for < e < 1/d, and in this case the moduli space is described in [2S1 Section 4]. 

In fact for any MOP-stable quotient O^"" -» Q, the curve C is a chain of rational curves 
and two marked points lie at distinct rational tails if C is not irreducible. If k is the 
number of irreducible components of C, then giving a MOP stable quotient is equivalent 
to giving a partition di + - ■ ■ + dk = d and length (ij-divisors on each irreducible component 
up to rotations. Therefore we have (set theoretically) 

k 

Qo,2(pt,^)= n l[Sjm'^{C*)/C*. (69) 

fc>i j=i 



For l/d < e < l/{d - 1), a MOP stable quotient O^" ^ Q is not e-stable if and only if 
C = P^ and the support of T{ff) consists of one point. Such stable quotients consist of 
one point in the RHS of (169|) . Noting the isomorphism ( 168|) . the Cartesian diagram ( l52|) 
is described as follows, 

\ _ \ 

Spec C ^ <5o 2(pt) '^)- 



4 Proof of Theorem 12.12 



In this section, we give a proof of Theorem 12.121 We first show that Q^ „j(G(r, n), d) is a 
Deligne-Mumford stack of finite type over C, following the argument of [26], [T3]. Next 
we show the properness of Qg,„(G(r, n), c?) using the valuative criterion. The argument 
to show the properness of MOP-stable quotients [261 Section 6] is not applied for e-stable 
quotients. Instead we give an alternative argument, which also gives another proof of [251 
Theorem 1]. 

4.1 Construction of the moduli space 

The same arguments of Proposition 12.161 and Proposition 12.181 show the similar result for 
the 2- functors (TT8|) . For e > 1, the moduli space of e-stable quotients is either empty 
or isomorphic to the moduli space of stable maps to the Grassmannian. Therefore we 
assume that 

e = y, / = 1,2, ■ ■ ■ ,ci. 



-5 -"5 
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and construct the moduli space Qg.^{G{r,n),d) as a global quotient stack. If e = 1/d, 
then the moduli space coincides with that of MOP-stable quotients, (cf. Theorem 12. 19[ ) 
and the construction is given in [261 Section 6] . We need to slightly modify the argument 
to construct the moduli spaces for a general e, but the essential idea is the same. First 
we show the following lemma. 

Lemma 4.1. Take an e = 1/l-stable quotient O®" -^ Q and an integer k > 5. Then the 
line bundle C{q, l/l)®^^ is very ample. Here C{q, 1/T) is defined in (fi^). 

Proof. It is enough to show that for Xi, X2 G C, we have 

H\C,C{qMir'^®h,h,) = Q. (70) 

Here Ix^ is the ideal sheaf of Xj. By the Serre duality, flTOj) is equivalent to 

Hom(4,4„ a;c ® C{q, l/lf'^-"''^) = 0. (71) 

Suppose that Xi,X2 G C"''^. For an irreducible component P C C, we set dp = deg(Q|p). 
In the notation of Lemma 12.81 we have 



degiuJc{xi+X2)®Ciq,l/lf^-'%) 

< 2g{P) - 2 + s(P) + 2 - lk{2g{P) - 2 + s{P) + dp/l) 

= {2g{P) - 2 + s(P))(l -Ik) + 2- dpk. (72) 

In the case of 

2(7(P)-2 + s(P)>0, 

then f l72|) is obviously negative. Otherwise {g{P), s{P)) is either one of the following, 

((7(P),s(P)) = (l,0),(0,2),(0,l),(0,0). 

In these cases, ( 172|) is negative by Lemma 12.81 Therefore (17T]) holds. 

When Xi or X2 or both of them are node, for instance Xi is node and X2 G C"*, then 
we take the normalization at Xi, 

with 7r~^(xi) = {x[,Xi}. Then flTTj) is equivalent to 

H\C, ujQix[ + x'l + X2) (S) £(g, l//)®(-^^)) = 0, (73) 

and the same calculation as above shows (175]1 . The other cases are also similarly discussed. 

D 

By Lemma 14. ![ we have 

h\C, C{q, 1//)®'=') = l-g + kl(2g -2) + kd + m, (74) 
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which does not depend on a choice of l//-stable quotient of type (r, n, d). Let V be an C- 
vector space of dimension ([71]). The very ample hne bundle £(g, l/l)®^'' on C determines 
an embedding, 

C ^ ¥{y), 

and marked points determine points in P(\/). Therefore l//-stable quotient associates a 
point, 

(C,pi, ■■■ .Pm)e Hilb(P(\/)) X P(\/)x-. (75) 

Let 

H cHilb(P(l^)) xP(\/)X'" 

be the locally closed subscheme which parameterizes (C, pi, ■ ■ ■ ,Pm) satisfying the follow- 
ing. 

• The subscheme C C P(V^) is a connected nodal curve of genus g. 

• We have pi G C"'^ and pi ^ pj for i ^ j. 
Let TT : C — 7- 7/ be the universal curve and 

Quot(ra — r,d) ^ Ti 

the relative Quot scheme which parameterizes rank n — r, degree d quotients O^" -^ Q 
on the fibers of vr. We define 

Q C Quot(r?, — r,d), 

to be the locally closed subscheme corresponding to quotients O^" -^ Q satisfying the 
following. 

• The coherent sheaf Q is locally free near nodes and Pi. 

• For any p & C, we have length r((5)p < /. 

• The line bundle £(g, 1//)®'^ coincides with Cp(y)(l)|c. 

The natural PGL2(C)-action on Ti lifts to the action on Q, and the desired moduli space 
is the following quotient stack, 

Q;/i(G(r,n),rf) = [Q/PGL2(C)]. 

By Lemma [2.11l the stabilizer groups of closed points in Qg_m(*^(^' ""-)' ^) ^^^ finite. Hence 
this is a Deligne-Mumford stack of finite type over C 
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4.2 Valuative criterion 

In this subsection, we prove the properness of the moduh stack Qg^^(G{r,n),d). Before 
this, we introduce some notation. Let X be a variety and F a locally sheaf of rank r on 
X. For n > r and a morphism, 

s: Of" ^F, 

we associate the degenerate locus, 

Z{s) C X. 

Namely Z{s) is defined by the ideal, locally generated by r x r-minors of the matrix given 
by s. For a point g G G(r, n), let us choose a lift of g to an embedding 

g-.C^C". (76) 

Here by abuse of notation, we have also denoted the above embedding by g. We have the 
sequence. 

The morphism Sg is determined by (7 G G{r,n) up to the GLr(C)-action on O®'". Note 
that if Sg is injective, then Z{sg) is a divisor on X which does not depend on a choice of 
a lift (176|) . The divisor Z{sg) fits into the exact sequence, 

r 

0^ /\F''^Ox^Ozis,)^0. 

When X = G{n — r,n) and s is a universal rank r quotient, then Sg is injective and 
Hg := Z{sg) is a divisor in G(n — r,n). 

Lemma 4.2. Let O^" ^^ Q be an e-stable quotient with kernel S and marked points 
Pi) ■ ■ ■ )Pm- -^ei s: O®" — )► 5^ &e the dual of the inclusion S M- O^". T/ien /or a general 
choice of g E G{r,n), the degenerate locus Z{sg) G C is a divisor written as 

Z{Sg)=Z{s)+Dg. 

Here Dg is a reduced divisor on C satisfying 

z^g n {Z(s) u {pi, ■ ■ ■ ,p^}} = 0. 

Proof. Let F C S*^ be the image of s. Note that F is a locally free sheaf of rank r, hence 
it determines a map, 

TTi? : C — 7- Q(n — r,n). 

It is easy to see that a general g G G(r, n) satisfies the following. 
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• The divisor Hg C G(7t, — r, n) intersects the image of Tip transversally. (Or the 
intersection is empty if ttf{C) is a point.) 

• For p G Supp t{Q) U {pi, ■ ■ ■ ,Pm}, we have ■npij)) ^ Hg. 
Then we have 

Z{sg) = Z{s) + n^Hg, 

and Dg := TfpHg satisfies the desired property. D 

In the next proposition, we show that the moduh space of e-stable quotients is sepa- 
rated. Let A be a non-singular curve with a closed point e A. We set 

A* = A\{0}. 

Proposition 4.3. For i = 1,2, let ttj : A'j — )■ A 5e flat families of quasi-stable curves 
with disjoint sections Pi ,■■■ ,Pm'- A — )■ A'j. Let qi: O^ -^ Qi be flat families of e- 
stable quotients of type {r,n,d) which are isomorphic over A*. Then possibly after base 
change ramified over 0, there is an isomorphism (f): Xi ^ X2 over A and an isomorphism 
V" • 0* Q2 —> Qi such that the following diagram commutes, 

id '^ 

Proof. Since the relative Quot scheme is separated, it is enough show that the isomorphism 
over A* extends to the families of marked curves ttj : A^ — t- A. By taking the base change 
and the normalization, we may assume that the general fibers of ttj are non-singular 
irreducible curves, by adding the preimage of the nodes to the marking points. Let us 
take exact sequences, 

-> 5, -^ C»®f ^ Q, ^ 0. 

Since Si\x^^ is locally free for any t G A, where Xit '■= 7i~^{t), the sheaf Si is a locally 
free sheaf on Xi. Taking the dual, we obtain the morphism. 

Let us take a general point g G G(r, n) and the degenerate locus, 

Di := Z{si^g) C Xi. 
By Lemma [4. 2[ the divisor Dit := Di\xn is written as 

D,,t = Z{si,t) + Dl, 
where D°^ is a reduced divisor on Xi^t, satisfying 

Di,n{z{s,,t)u{p,{t),---,pUt)}} = ^- 

Then the e-stability of C)f" -» Qi\xit implies the following. 
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• The coefficients of the M-divisor 'YlT=iPj \^) + ^ ' ^i,t have less than or equal to 1. 

• The M-divisor Kx^^ + Yl^iPj v) + ^ ' A,t is ample on Xi^f 
The ffist condition implies that the pairs 

m 

(Af,,J]pf +e-A), ^ = 1,2, (77) 

i=i 

have only log canonical singularities, (cf. [I9], [IS].) Also since the divisors Yl^=i Pj +^'-0i 
do not contain curves supported on the central fibers, we have 

^ m \ m 

where (p is the birational map (p: X\ ---> X2. Therefore the pairs fl77j) are birational log 
canonical models over A. Since two birational log canonical models are isomorphic, the 
birational map extends to an isomorphism c^: X\ ^ X^. D 

Finally we show that the moduli space (5^^(G(r, ra), d) is complete. 

Proposition 4.4. Suppose that the following data is a flat family of m-pointed e-stable 
quotients of type (r, n, d) over A*, 

Ti*:X*^^\ p\,--- ,p*^: ^* ^X\ q*:Of:^Q*. (78) 

Then possibly after base change ramified over G A, there is a flat family of m-pointed 
e-stable quotients over A, 

Tt-.X^A, p,,--- ,Pm-A^X, q:OT^Q, (79) 

which is isomorphic to f78\) over A*. 



Proof. As in the proof of Proposition 14. 3^ we may assume that the general fibers of vr* 
are non-singular irreducible curves. Let S* be the kernel of q*. Taking the dual of the 
inclusion S* C O^^, we obtain the morphism 

s*: Cl?^^*''. 

We choose a general point, 

geGir,n), (80) 

and set D* := Z{s*) C X*. As in the proof of Proposition 14. 3^ the e-stability implies that 
the pair 

m 

{X*,Y,p* + e-D*) (81) 
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is a log canonical model over A*. 

Indeed, the family flHT]) can be interpreted as a family of Hassett's weighted pointed 
stable curves [13] • Let us write 

k 

j=i 

for distinct irreducible divisors D* and rrij > 1. Since the family fl78p is of type {r,n,d), 
we have 

nil + "^2 + ■ ■ ■ + rrik = d. 

By shrinking A if necessary, we may assume that each D* is a section of vr*. Then the 
data 

mi nik 

(tt*: X* ^ A*,pt, ■ ■ ■ .fjDl^-^-- .Di ■ ■ ■ ,DlX^^~Dl), (82) 

is a family of a(m, (i, e)-stable m + (i-pointed curves [13] over A*. (See Definition 13 . 1 1 and 
(p7]) .) By the properness of M^.^, (cf. [13], (15T|) .) there is a family of a(m, li, e)-stable 
m + d-pointed curves over A, 

mi mfc 

(vr: X -^ A,pi, ■ ■ ■ ,Pm,Di, ■■■ ,-Di, ■ ■ ■ ,-Dfc, ■ ■ ■ ,-Dfc), (83) 

which is isomorphic to the family (182|) over A*. In particular we have an extension of D* 
to X, 

k 

D = ^mjDj, D\x'=D*. 
j=i 

By the properness of the relative Quot scheme, there is an exact sequence 

^ 5 ^ C®" 4 Q ^ 0, (84) 

such that q is isomorphic to q* over A*. Restricting to Xq, we obtain the exact sequence, 

O^So^ OT, ^ Qo ^ 0. (85) 

We claim that the quotient go is an e-stable quotient, hence the family {X,pi, ■ ■ ■ ,pm) 
and q gives a desired extension ( 179|) . We prove the following lemma. 

Lemma 4.5. The sheaf S is a locally free sheaf on X . 

Proof. First we see that the sheaf S is reflexive, i.e. S"^"^ = S. We have the morphism of 
exact sequence of sheaves on X, 

-5 -or "2 "0 

\ I 
5^^ C|" Q' 0, 
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where the left arrow is an injection. By the snake lemma, there is an inclusion, 

and S"^^ /S is supported on Aq, which contradicts to that Q is flat over A. In particular 
setting 

[/ = A'\(nodesof A'o), 

the sheaf 5 is a push-forward of some locally free sheaf onU to X . We only need to check 
that S is free at nodes on Xq. 

Taking the dual of the inclusion S ^-> OfP" and composing with g : OfJ" M- O^", where 
g is taken in (IHOl) . we obtain a morphism 

Sg-. OfAOf'^S^ 

Restricting to f/, we obtain the divisor in U , 

Dl := Z{sg\u) C U, 
and the closure of DJj in X is denoted by D^^ . We have the following. 

• By the construction, we have D\x* = D^x*- 

• Replacing g by another general point in G(r, n) if necessary, the divisors D'^ and D 
do not contain any irreducible component of Xq. 

These properties imply that D'^ = D. Noting that the divisor D has support away from 
nodes of Aq, the support of the cokernel of Sg is written as 

Supp Cok{sg) = Supp(D) n V, (86) 

where ^ is a finite set of points contained in the nodes of Xq. However if V is non-empty, 
then there is a nodal point x & Xq and an injection O^ ■— > 5^, which contradicts to that 
S is torsion free. Therefore V is empty, and the morphism Sg is isomorphic on nodes 
of Xq. Hence iS^ is a locally free sheaf on Xq, and the sheaf S is also locally free since 

Note that the locally freeness of S implies that the divisor Z{sg) is well-defined, and 
the proof of the above lemma immediately implies that 

Z{sg) = D^ = D. (87) 

Next let us see that go is a quasi-stable quotient. Taking 'Hom{*,Oxo) to the exact 
sequence fl85l) . we obtain the exact sequence. 



^ Qv ^ Of; ^ s^ ^ ^<,(Qo, Oxo) ^ 0, 

and the vanishing Sxt^^iQa, Ox^) = for i > 2. We have the surjection, 

Cok{sQ^g) ^ £xt\^^{QQ,Ox,), 
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and the LHS of flHHl) has support away from nodes and markings by flHTl) . Therefore for a 
nodal point or marked point p G A'o, we have 

which imphes that Qq is locally free at p, i.e. qo: C^" -» Qo is a quasi-stable quotient. 

Finally we check the e-stability of go- The ampleness of C{qo,e) is equivalent to the 
ampleness of the divisor, 

Kxo +Pi(0) + ■ ■ ■+Pm{0) + e ■ Z{sg,o). (89) 

Noting the equality (1571) . we have Z^Sg^) = D\xo. Since the data (15^ is a family of 
a(m, d, e)-stable curves, the divisor fl89l) on Aq is ample. Also the surjection flHHl) and the 
fact 2'(sg,o) = -DJa'o imply that 

e ■ length r(Qo)p < e ■ length Cok(sg,o)p 
= e-lengthC>^^^^,p, 

= e-lengthODUo,p, (90) 

for any p G Xq. Again noting that (183|) is a family of a{m, d, e)-stable curves, we conclude 
that (190|) < 1. Therefore go is an e-stable quotient. D 

5 Wall- crossing formula 

The purpose of this section is to give an argument to prove Theorem 12.251 Our strategy 
is to modify [211 Secton 7] so that e is involved in the argument. Therefore we only focus 
on the arguments to be modified, and we leave several details to the reader. 

5.1 Localization 

Let T be a torus T = G^ acting on C" via 

The above T-action induces a T-action on G{r,n) and Qg,^{G{r,n),d). Over the moduli 
space of MOP-stable quotients, the T-fixed loci are obtained in [221 Section 7] via certain 
combinatorial data. The T-fixed loci of e-stable quotients are similarly obtained, but we 
need to take the e-stability into consideration. They are indexed by the following data, 

e = (r,.,7,s,/3,5,/i). (91) 

• r = (V, E) is a connected graph, where V is the vertex set and E is the edge set 
with no self edges. 

• t is an assignment of an inclusion, 

i^v- {I,--- ,r} -^ {!,■■■ ,n}, 

32 



to each v ^ V . In particular, the induced subspace C^' M- C" by i^, determines a 
map, 

7 is a genus assignment 7: V — )■ Z>i, satisfying 

Y,l{v) + h\T)=g. 

veV 

For each v E V, s{v) = (si(f ), ■ ■ ■ , Sr{v)) with Si{v) G Z>o. We set 



r 



^Si{v). 



P is an assignment to each e G -E of a T-invariant curve /9(e) of G(r, ra). The two 
vertices incident to e G -E are mapped via z/ to the two T-fixed points incident to 

/3(e). 

(5: -E — 7- Z>i is an assignment of a covering number, satisfying 

veV e£E 

/i is a distribution of the m-mar kings to the vertices of V. 
For each t> G y, we set 

w{v) = min{0, 27(11) — 2 + e • s{v) + val(f )}. 
Then for each edge e G -E with incident vertex f 1, f2 G V, we have 

e-6{e)+w{vi)+w{v2)>0. (92) 



The condition fl92l) corresponds to the ampleness of flT2|) at the irreducible component 
determined by e. Given a data 6' as in fl9Tl) . the isomorphism classes of T-fixed e-stable 
quotients indexed by 9 form a product of the quotients of the moduli spaces of weighted 
pointed stable curves, 

Q^(^) = 11 (^7(,;),val(i,)|s(i,)/nr=i5's,(„)) . (93) 

veV 

Here if f G V^ does not satisfy the condition, 

2-f{v)-2 + e-s{v)+va\{v)>0, (94) 

we set 

jje _ j SpecC, V ^ {v}, 

The corresponding T-fixed e-stable quotients are described in the following way. 
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For V E V, suppose that the condition flMl) holds. A point in the t>-factor of f l93l) 
determines a curve Cy and r-tuple of divisors on it Di, ■ ■ ■ ,Dr with deg(Z^i) = Si{v). 
Then an e-stable quotient is obtained by the exact sequence, 

^ ©LiOa (- A) ^ OS: ^ Q ^ 0. (95) 

Here the first inclusion is the composition of the natural inclusion 

and the inclusion O®^ -^ C®" induced by t^. 

For e G -E, consider the degree (5(e)-covering ramified over the two torus fixed points, 

/e:Ce^/3(e)cG(r,n). (96) 

Note that /e is a finite map between projective hues. We obtain the exact sequence, 

^ ^ ^ c®" 4 g ^ 0, (97) 

hence a quotient q, by pulling back the tautological sequence on G(r, n) to Ce- 
Let V and v' be the two vertices incident to e, and x, x' G Ce the corresponding 
ramification points respectively. We have the following cases. 

(i) Suppose that both of v and v' satisfy (1M|) . Then we take the quotient q. 

(ii) Suppose that exactly one of v or v', say v, does not satisfy f lM|) . For simplicity, 
we assume that t^ij) = j for 1 < j < n, and 

v(j)=J> l<j<r-l, v(^) = ^ + l- 

Then the exact sequence (jHTD is identified with the sequence, 

^ 0®:-i © Oa(-5(e)) ^ O®: ^ Oa(5(e)) © 0®r'^-^ -> O. (98) 

Here the embedding 

is the composition, 

o^:~' © oa(-5(e)) c o®:-i © o®f c o®:, 

where the first embedding is the direct sum of the identity and the pull-back of the 
tautological embedding via /e, and the second one is the embedding into the first 
r + 1-factors. Composing the embedding 

r-l 

^ OcA-s,{v)x) © OcA-Sr{v)x - S{e)) ^ O®;-! © OcASie)), 



i=l 
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with the sequence fl98l) . we obtain the exact sequence, 

r-l 

^ OcA-s^{'")^) © OcX-Sr{v)x - (5(e)) ^ O®" ^ g' ^ 0. 



'j=l 



Then we take the quotient q' . 

(iii) Suppose that both v and f' do not satisfy flMl) . Then as above, we take the 
exact sequence. 



r-l 



0-^0 Cc.(-s^(t;)x - Si{v')x')®OcA-Sr{y)x - Sr{y')x' - (5(e)) 



i=l 



^ C®" ^ Q" -^ 0, 



'a 

and we take the quotient q" . 

By gluing the above quotients, we obtain a curve C and a quotient from O®". The 
condition (1^ ensures that the resulting quotient is e-stable. 

5.2 Virtual localization formula 

Let Q'^{6) be the T- fixed locus (jHSD, and i^ the inclusion, 

ie:Q^{e)^Ql^{G{r,n),d). 

We denote by N^"{9) the virtual normal bundle of Q^{0) in Qp^ml*^!^; n),d). The virtual 
localization formula [T2I in this case is written as 



[Q:,™(G(r,n),d)]- = X:^. (^1^^) (99) 

e AnQ;„(G(r, n), d), Q) ®« Q(Ai, ■ ■ ■ , A^- 
Here R is the equivariant Chow ring of a point with respect to the trivial T-action, 

i? = Q[Ai,--- ,A„], 

with Aj equivariant parameters. 

Let f be a vertex in the data f l9T]) which satisfies the condition flMl) . We see the 
contribution of v to the RHS of fl99|) . For simplicity, we assume that it,(j) = j for 
1 < J < ?"• The vertex v corresponds to the space 

Similarly to the sequence fl^ . each point on the above space corresponds to an exact 
sequence, 

0^5 = ©[^1^, ^ C®" ^ Q ^ 0, 
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for Si = Oc^{—Di) with deg(Z)j) = Si{v), and val(f)-marked points. The exact sequence 
fl28|l and the argument of [26| Section 7] show that the contribution of the vertex v is 

Cont(.) ^ -^^:^^^-)) ' (100) 

^ (101) 



1 

n.^,.e(/70(Oc(5.)|5j®[A,.-A.])- ^^°^^ 



Here each factor is as follows. 



• The symbol e denotes the Euler class, T^(v) is the T-representation on the tangent 
space of G(r, n) at z^(w), and E is the Hodge bundle, 

• The product in the denominator of (llOOp is over all half-edges e incident to v. 
The factor A(e) denotes the T-weight of the tangent representation along the cor- 
responding T-fixed edge, and ipe is the first chern class of the cotangent line at the 
corresponding marking of M^f^^^^^^^^^-j^^f^^y (See (I104p below.) 

• The products in (llOip . (I102p satisfy the following conditions, 

1 < i < r, 1 < j < T, r + 1 < j* < n. 
The brackets [Xj — Aj] denotes the trivial bundle with specified weights. 

The same argument describing Cont(f) as above is also applied to see the contribution 
term of the edge e to the formula (1^ . However we do not need to know its precise formula, 
and it is enough to notice that 

Cont(e) gQ(Ai,--- ,AJ. 



The above fact is easily seen by the description of the T-fixed e-stable quotients in the 
last subsection. Then the RHS of (l99l) is the sum of the products, 

J2^si I JJCont(e) JJCont(^;)[Q^ 



5.3 Classes on M \^ 

As we have seen, each term of the virtual localization formula is a class on the moduli 
space of weighted pointed stable curves M^,^|^. The relevant classes on M^ „j|^ for a 
sufficiently small e is discussed in [251 Section 4]. For arbitrary < e < 1 the similar 
classes are also available, which we recall here. 



^) 
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For every subset J C {1, ■ ■ ■ , c?} of size at least 2, there is a diagonal class, 

corresponding to the weighted pointed stable curves 

(C,pi,--- ,p^,pi,--- ,pd) 
satisfying 

Pj=Pj', JJ'^J- 

Note that Dj = if e ■ | J| > 1. 

Next we have the cotangent line bundles, 

for 1 < i < m and 1 < j < (i, corresponding to the respective markings. We have the 
associated first chern classes, 

^, = ci(L,), i^, = ci(L,-) G A\Ml^^„Q). (104) 

The above classes are related as follows. For a subset J C {!,■■■ ,d}, the class 

iij ■■= 'iPjIdj, (105) 

does not depend on j E J. If J and J' have non-trivial intersections, it is easy to see that 

Dj ■ Dj, = {-i^juj'y"^''^-'Dj^j,. (106) 

By the above properties, we obtain the notion of canonical forms, (cf. [26| Section 4],) for 
any monomial Mltpj, Dj) of tpj and Dj. It is obtained as follows. 

• We multiply the classes Dj using the formula O106p until we obtain the product of 
classes 'ipj and Dj^Dj,^ • ■ ■ Dj^ with all Jj disjoint. 

• Using (11051) . we collect the equal cotangent classes. 

By extending the above operation linearly, we obtain the canonical form for any polyno- 
mial P{lpj, Dj). 

5.4 Standard classes under change of e 

For e > e', recall that there is a birational morphism, (cf. fl62|) . Remark 13. 3[ ) 

For simplicity, we write c^^e' as c. Then we have the following, 

c>i = ipi, l<i<m, (107) 

c*^j = ^j -Aj, l<3<d. (108) 
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Here Aj is given by 

jGJC{l,-,4 

where Aj C M^^^^^ correspond to curves 

C = C^UC2, 9iC^)=0, giC^) = g, 

with a single node which separates Ci and C2, and the markings of J are distributed to 
Ci. The subsets J in the sum (11091) should satisfy, 

e- |J| -1 >0, 
e' ■ \J\-1 <0. 

Applying (llU7p . fllOSp and the projection formula, we obtain the universal formula, 

(m d \ m / d \ 

nc' n^O = n^r^ n^? + ■ ■ ■ • (^^°) 



If e = 1 and < e' ^ 1, the above formula coincides with the formula obtained in [261 
Lemma 3]. 

Also the Hodge bundle (11031) satisfies 

c*E = E, (111) 

since c contracts only rational tails. 

5.5 The case of genus zero 

In genus zero, note that the moduli space 

<5o,m(<G(r,n),t/) 

is non-singular by Lemma 12. 151 If it is also connected, then it is irreducible and there is 
a birational map, 

<5o!m(G('^>"'),c?) --^ Qo!„(G(r,n),d), 

as long as ej > (2 — m)/d. In fact, we have the following. 

Lemma 5.1. The moduli stack 

Ql^{G{r,n),d) (112) 

is connected. 
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Proof. The connectedness of the stable map nioduh spaces is proved in [TTj, and we reduce 
the connectedness of flll2p to that of the stable map moduli spaces. To do this, it is enough 
to see that any e-stable quotient q: O^ -» Q is deformed to a quotient obtained by a 
stable map. By applying the T-action, we may assume that g is a T-fixed quotient. Then 
q fits into an exact sequence, 

^ ©[^iOc(-A) ^ or ^ Q ^ 0' 

for r-tuple divisors Di on C. (See Subsection 15.11 ) By deforming Di to reduced divisors 
D\, we can deform the quotient q to q' : Oq -» Q' which is e-stable for e = 1. Then by 
Lemma 12. 24^ we can deform q' to a quotient corresponding to a stable map. D 

The smoothness of the genus zero moduli spaces and the above lemma show the 
formula, 

c.,e'A {[Ql^{G{r,n),d)r) = it ([Qo,™(G(r,n),rf)]^'^) . (113) 

Hence Theorem 12.251 in the genus zero case is proved. 

5.6 Sketch of the proof of Theorem 12.251 

Under the map to (5(,_m(G(l, I ]),d), several rational tails on Q^ ,„(G(r, n), d) with small 

degree collapse. Also the T-fixed loci of Q^ ,„(G(r, n), d) have many splitting types of the 
subbundle S which are collapsed. For a non-collapsed edge, its contribution exactly 
coincides, and we just need to show the matching on each vertex. 

The equality (I113p implies that both sides are equal after T-equivariant localization. 
For each vertex v on QQ^{G{r,n),d), the contribution 

Cont(t;) G AnMo,vai(t')|s(.)> Q) ®R Q(Ai, ■ ■ ■ , A„), 

is given in Subsection 15.21 In genus zero the Hodge bundle is trivial, and the class Cont(f ) 
is easily seen to be written as an element, 

Cont(t;) eQ(Ai,--- ,XnM,^j,Djl 

symmetric with respect to the variables ipj. Let us take the push forward to Qq,^{G{1, I ]),d) 
using (II 101) . and take the canonical form. (cf. Subsection 15.31 ) At each vertex on 
Qq,^{G{1, I J ), c?), the vertices and the collapsed edges on Qq ,„(G(r, n), d) contribute to 
the LHS of (I113P by the polynomial, 

L^(V'„V^„Dj). 

Also the vertices on Qq ^(G(r, n), d) with collapsed splitting types contribute to the RHS 
of (I113P by the polynomial, 

i?^(V'„^,-,I^j). 
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The equality f lllSp implies the equality, 

L^(V'.,V^„I^j) =i?^(V'.,V^„I^j), (114) 

as classes in the equivariant Chow ring. 

Although flll4p is an equality after taking classes, the exactly same argument of [26| 
Lemma 5] shows that the equality (11141) holds as abstract polynomials. Also note that the 
genus dependent part involving Hodge bundles fllOOl) in the virtual localization formula 
([nn]) does not depend on e by fillip . Therefore the above argument immediately implies 

CeM* {[Ql^{G{r,n),d)r) = ii (pi^{G{T,n),d)r) , (115) 

for any (7 > 0. Hence we obtain the formula ([5] 



6 Invariants on (local) Calabi-Yau 3-folds 

In this section, we introduce some enumerative invariants of curves on (local) Calabi- 
Yau 3-folds and propose related problems. Similar invariants for MOP-stable quotients 
are discussed in [261 Section 9, 10]. In what follows, we use the notation fl23|) . flMj) for 
universal curves and quotients. 

6.1 Invariants on a local (— 1, — l)-curve 

Let us consider a crepant small resolution of a conifold singularity, that is the total space 
ofOpi(-l)®2, 

X = Cpi(-l)©Cpi(-l)^P\ 
In a similar way to [2B1 Section 9], we define the Q- valued invariant by 

^IM) ■= /_ <R'<{Su^-) © R'<{Su^-)). (116) 

J[Ql^a9'\d)Y-^-' 

It is easy to see that 

vr:(^c/0=0, 

hence R^ttI^Su-^) is a vector bundle and (I116p is well-defined. By Theorem 12.191 (i) and 
Lemma [2. 171 we have 

Nl,{X) = 0, < e < 2/d. 

Here N^^{X) is the genus g, degree d local GW invariant of X. The following result is 
obtained by the same method of [26| Proposition 6, 7], using the localization with respect 
to the twisted C*-action on X, and the vanishing result similar to [IIj. We leave the 
readers to check the detail. 
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Theorem 6.1. We have the following. 

iVGW(x), 2g~2 + e-d>0, 



''aA^J ^ 0, 2g-2 + e-d<0. 

Let F^^(X) be the generating series, 

g>0, d>0 

RecaU that we have the following Gopakumar-Vafa formula, 

By Theorem 16.11 and the formula f lll7p . the generating series of N^J^X) satisfies the 
formula, 

g>0, d>0 

E \ — ^ \ —2 d 

Adsm\d\l2) ~ ^ ,1? ^ ■ 

d>l ^ ' ' 0<d<2/£ 



6.2 Invariants on a local projective plane 

Let us consider the total space of the canonical line bundle of P^, 

As in the case of a (—1, — l)-curve, we can define the invariant by 






since we have the vanishing. 

Note that N^^{X) is a local GW invariant of X when e > 2. However for a small e, the 
following example shows that N^^{X) is different from the local GW invariant of X. 

Example 6.2. For X = Op2[—3), an explicit computation shows that 

Nux) = {r 



' e>l, 



4, 0<e<l. 



In fact if e > 1, then Nl-^^{X) coincides with the local GW invariant of X , and it is already 
computed. A list is available in /i. Table 1] in a Gopakumar- Vafa form. 
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Let us compute Nl-^^{X) for < e < 1. In this case, any e-stable quotient of type 
(1, 3, 1) is MOP-stable, and the moduli space is described as 

Q;^o(p2,l) = Mi,ixp2. 
(cf. f2E[ Example 5.4]-) Also there is no obstruction in this case, 

Let 

tt: f/^Mi,i, 
be the universal curve with a section D C U. Then 

is the universal curve, and the universal subsheaf Su^ C C^^ is given by 

Therefore we have 

R'nliS^^) = R'n,Oui-3D) M Op2(-3). 

The vector bundle R^Ti^Ou{—^D) on Mi^i admits a filtration whose subquotients are line 
bundles E^ , Li and Lf^. Therefore the integration of the Euler class is given by 



eiR'KiS^?)) = 9 ■ [_ (3V^i-ci(E)), 

J Ml 1 



i.o(PM) 

_ 3 

~ 4' 
Here the last equality follows from the computation in /H]/ . 

Ci(E) = / V^i = ^• 

A/i,i JA/i,i ^'i 

By the above example, the following problem seems to be interesting. 
Problem 6.3. How do the invariants Ng^^{X) depend on e, when X = Op2(— 3) ? 

6.3 Generalized tree level GW systems on hypersurfaces 

Let X be a smooth projective variety, defined by the degree A^ homogeneous polynomial 
/ of n + 1 variables, 

X = {/ = 0} C P". 
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Recall that in Lemma 12.1 5[ the moduli stack QQ^(P",(i) is shown to be smooth of the 
expected dimension. We construct the closed substack, 

Ql^iX,d)cQl^i¥-,d), (118) 

as follows. For an e-stable quotient of type {l,n + l,d), 

0^ s ^ c®"+^ ^ g ^ 0, 

we take the dual of the first inclusion, 

Applying /, we obtain the section, 

f{so,s,,---,Sn)eH\C,S^-''). (119) 

In genus zero, we have the vanishing 

hence (I119p determines a section of the vector bundle 7rJ(S'^r^), which we denote 

Then we define (scheme theoretically) 

Ql^{X,d) = {sj = 0}. (120) 

Note that if e > 2, then the above space coincides with the moduli stack of genus zero, 
degree d stable maps to X. Since (11201) is a zero locus of a section of a vector bundle on 
a smooth stack, there is a perfect obstruction theory on it, determined by the two term 
complex. 

The associated virtual class is denoted by 

[Ql^{X,d)reAM,n.{X,d),Q). 
The evaluation map factors through X, 

evi: Ql^^{X,d) ^ X, 
for 1 < i < m. Hence we obtain the diagram, 

Ql^iX,d)^^^Mo,m 
(evi,--- ,evm) 

X X ■ ■ ■ X X, 
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and a system of maps, 

Io,m,d =«*(evi, ■ ■ ■ , ev„)* : H*{X, Qf^ ^ H*(Mo,^, Q). (121) 

It is straightforward to check that the above system of maps f ll2ip satisfies the axiom of 
tree level GW system [21]. In particular, we have the genus zero GW type invariants. 



m,m,d) (71 ® ■ ■ ■ ® 7m) = /_ Io,m,A^l ® " " " ® 7r, 

'Mo,™ 



for 7j G H*{X, Q). The formal function 

m>3, d>0 

satisfies the WDVV equation [2T], and induces the generalized big (small) quantum co- 
homology ring, 

(i7*(X,Q)[g],o^), 

depending on e G M>o- For e > 2, the above ring coincides with the big (small) quantum 
cohomology ring defined by the GW theory on X. 

Remark 6.4. The above construction of the generalized tree level GW system can be 
easily generalized to any complete intersection of the Grassmannian X C G(r, n). 

Remark 6.5. As discussed in 12^ Section 10] for MOP-stable quotients, it might be 
possible to define the substack i[118\) and the virtual class on it for every genera. 

6.4 Enumerative invariants on projective Calabi-Yau 3-folds 

The construction in the previous subsection enables us to construct genus zero GW type 
invariants without point insertions on several projective Calabi-Yau 3-folds. One of the 
interesting examples is a quintic 3-fold, 

We can define the invariant. 



NU^) = f_ 1 

= [_ e {nliS^^f')) e Q. (122) 



Another interesting example is a Calabi-Yau 3-fold obtained as a complete intersection of 
the Grassmannian G(2, 7). Let us consider the Pliicker embedding, 

7) ^ P20, 
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and take general hyperplanes 

i/i,--- ,/77CP^°. (123) 

Then the intersection 

X = G(2, 7) n i/i n ■ • ■ n i/7, 

is a projective Calabi-Yau 3-fold. The hyperplanes (I123P defines the section, 

SH e H%Ql^iGi2,7),d),7rliA'S^u.r'), 

and we define 

Ql^iX,d) = {sH = 0}. (124) 

As in the previous subsection, there is a perfect obstruction theory and the virtual class 
on (11241) . In particular, we can define 



NUX) = [_ 1 



e{KiA'S^u.r')eQ. (125) 

ljG{2,7),d) 

For e > 2, both invariants (I122p . (I125p coincide with the GW invariants of X. As in 
Problem 16. 3^ we can address the following problem. 

Problem 6.6. How do the invariants Nq^{X) depend on e, when X is a quintic 3-fold 
in P^ or a complete intersection of G{2, 7) of codimension 7? 
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